Abstract. We construct a general type of multivortex solutions of the selfduality equations (the Bogomol'nyi equations) of (2+1) dimensional relativistic Chern-Simons model with the non-topological boundary condition near in nity. For such construction we use a modi ed version of the Newton iteration method developed by Kantorovich.
Introduction
The Lagrangian density of the (2+1)-dimensional relativistic Chern-Simons gauge eld theory is given by L = 4 " F A + (D )(D ) ? 1 2 j j 2 (1 ? j j 2 ) 2 ; (1) where A ( = 0; 1; 2) is the gauge eld on R 3 ; F = @ @x A ? @ @x A is the corresponding curvature tensor, = 1 + i 2 (i = physics of high critical temperature superconductivity. The Gauss equation (variational equation for A 0 ) of (1) is given by F 12 = ?2j j 2 A 0 : (2) Using this relation, and by integration by part the static energy corresponding to (1) can be written as ( 8] 
The system (4) - (5) is equipped with the following natural boundary conditions j (x)j ! 1 as jxj ! 1 (6) or j (x)j ! 0 as jxj ! 1 (7) in order to make the energy (3-a) nite. The solutions ( ; A) of (4)- (5) satisfying (6) are called topological solutions, while the solutions of (4)- (5) satisfying the boundary condition (7) are called nontopological solutions.
Following Ja e- Taubes 11] , we can reduce system (4)-(5) with (6) or ( arg(z ? z j ) ; z = x 1 + ix 2 2 C 1 = R 2 ; (8) where z j , allowing multiplicities, j = 1; 2; ::::; N are the zeros, called the centres of the vorticities, of (z). Then, we can rewrite (4) - (5) with (6) or (7) as (Hereafter, we set = 2 for simplicity.) (z ? z j ); (9) u(x) ! 0 as jxj ! 1 (topological boundary condition) or u(x) ! ?1 as jxj ! 1 (non-topological boundary condition): (10) For topological boundary condition Wang 16] proved existence of general multivortex solutions, using the variational method similar to Ja e- Taubes 11] . Later, Spruck-Yang 13] proved existence of topological solutions, using a more constructive iteration method, and generated even shapes of vortices by numerical simulations. (See 15] also for the study of (4)- (5) in a periodic bounded domain, and 3] for the study of topological solitons of the Chern-Simons model coupled with the Maxwell elds in a self-dual fashion.) The non-topological solutions, however, has not been well understood yet compared to the topological ones. In 14] Spruck-Yang proved existence of radially symmetric non-topological solutions which correspond to solutions of (4)-(5) with a single center(See 4] also for related studies of the radial solutions). In this paper we prove existence of general type of non-topological multivortex solutions. Our method of existence proof is quite constructive using an iteration scheme. Moreover, we establish precise decay estimates near in nity of our solutions. More speci cally we prove the following theorem: 3 Main Theorem. Let fz j g N j=1 C 1 be arbitrarily given. Then, there exists a solution ( ; A) to (4)-(5)(with = 2), (7) such that the function (z) has the zeros fz j g N j=1 with possible multiplicities, and the pair ( ; A) make the energy functional (3-a) nite. Moreover, our constructed solutions satisfy:
(i) The decay estimates; there exists > 0 such that j j 2 + jF 12 j + jD 1 j 2 + jD 2 j 2 = O 1 jxj 2N+4+ as jxj ! 1 (11) (ii) Flux integral; there exists a positive constant , which depends on the solution, and can be xed to be arbitrarily small, such that = Z R 2 F 12 dx = 4 (N + 1) + : (12) Remark 1.
Since j j 2 = e u , where u is a solution of (9) 
equipped with the nontopological boundary condition (10) . They proved existence of radially symmetric non-topological solution u of (14) satisfying (13) with B > 2N +4. Thus our existence result is a \proper" generalization of the previous ones for the radially symmetric ones in 4] and 14]. Remark 2. Equation (12) implies that the integral R R 2 F 12 dx, which corresponds to the minimum of the total static energy given by (3.a)-(3.b), is not \quantized" contrary to the case of topological solutions. This phenomena, which was discussed in the physics literature(See e.g. 5] and references therein) for radially symmetric solutions, is to the authors' knowledge rigorously veri ed rst time in this paper for a nonradial solution. We also note that the estimate > 4(N + 1) was proved by Spruck-Yang 14] for 4 any radially symmetric solution. The fact that can be chosen arbitrarily small implies that their estimate is sharp for radially symmetric solution. For arbitrary nonradial solutions such estimate is currently not available.
Our idea of proof is the following: We formulate our problem of construction of nontopological solutions as one of nding roots of a functional equation de ned in suitable function spaces. To nd the roots we use the theorem on the convergence of a modi ed Newton's iteration scheme developed by Kantorovich 12] . Basic observation is that after suitable scale transformation our equation can be a perturbed one from a radially symmetric equation, and the iteration starting from a radial solution of the Liouville equation superposed with appropriate \small" nonradial function works well. The organization of the paper is the following. In Section 1 we introduce basic function spaces, and derive some properties of them useful in the following sections. In Section 2 we formulate our problem in terms of root nding of some mapping between function spaces introduced in Section 1. In Section 3 we prove various estimates on the mapping introduced in Section 2 in order to apply our iteration scheme. In Section 4 based on the estimates established in the previous section, we prove our main theorem, using the Newton-Kantorovich iteration scheme. We postpone all the proofs of the auxiliary lemmas to Appendix in order to help the readers to keep on the main stream of argument.
Introduction of Function spaces
In this section we de ne the class of functional spaces which are necessary in sequel and establish some properties of functions from these spaces. Let 2 (0; 1) be given. We introduce the Hilbert spaces X and Y as follows
(1 + jxj 2+ )u 2 Then by (1.7) and this estimate we obtain (1.3).
Functional formulation of the problem
The aim of this section is two-fold. First we wish to transform equation (9) to more convenient form, and second we would like to outline the strategy of the proof of the main theorem.
As the rst step in transforming equation (9) we get rid of delta-functions in its right hand side, using solutions for the Liouville equation.
Throughout this paper we denote z = x 1 + ix 2 , a = a 1 + ia 2 (1 + r 2N+2 ) 2 : (2.1)
We note that for any " > 0 and a 2 C 1 , ln ";a (z) = (z) is a solution of the Liouville equation
De ning v(z) = u(z) ? ln ";a (z), we obtain from (9) v + ";a e v ? 2 ";a e 2v ? ";a = 0:
Then, making change of variables z ! z " and denotingṽ(z) = v (9) is reduced to that of nding a root, (u " ; a " ) 2 Y R 2 of the functional equation P " (u; a) = 0: (2.12) The transformation of equation (9) is nished.
Finally we note that once a solution of (2.12), (u " ; a " ) is found, then our solution u of the equation (9) is recovered by the formula u(x) = ln ";a " (x) + u " ("x) + " 2 w 0 ("x): (2.13) Of course, after that one should check if this solution really satis es the nontopological boundary conditions.
The proof of our main theorem is based on the following theorem due to Kantorovich 12, Later, we apply the Newton-Kantorovich iteration method to solve (2.12), starting from the origin of some subspace of the space Y R 2 . For this we need to estimate the distance in X from origin to P " (0; 0) = g " (z; 0)e " 2 w 0 ? " 2 g 2 " (z; 0)e 2" 2 w 0 ? g " (z; 0) + " 2 w 0 ; (2.14) and prove the invertibility of the rst derivative of P " at the origin, This completes the proof of the proposition.
Preliminary Estimates
Our aim in this section is the proof of invertibility of P 0 " (0; 0), and appropriate norm estimates for P 0 " (0; 0) ?1 , P " (0; 0), and P 00 " (0; 0) respectively. For those purposes we need the following lemmas. where C is independent of ", z.
The proof of this Lemma is given in Appendix. where we used (2.10).
Now we are ready to prove the existence of the operator P 0 " (0; 0)] ?1 : As was mentioned earlier, we show that P " (0; 0) is a perturbation of the operator A: One problem is that although the operator A is onto, its kernel is not Since by (3.5) A is invertible operator from U onto X , it su ces to prove that there exists " 0 > 0 such that kP 0 " (0; 0) ? Ak L(U ;X ) < Using the previous estimates (3.10) and (3.1), we obtain easily kP " (0; 0)k 2 X C" 6 + C" 6 + C" 8 + C" 8 + C" 12 C" 6 (3.27) for all su ciently small ". This completes the proof of the proposition. To apply Theorem 2.1 in the next section we are going to choose v 0 = 0 andr = " 2 . Thus the following proposition provides the necessary estimate for the parameter K of (iii) in Theorem 2.1. Proposition 3.3. Let 2 (0; 1 2 ). Then, there exist " 0 2 (0; 1) such that for all " 2 (0; " 0 ) and (u; a) 2 U with k(u; a)k U " 2 we have the estimate kP 00 " (u; a)k L(U U ;X ) C " 2 ; (3.28) where constant C is independent of ". (1 + r 2+ +2" 2 C 1 +4N+1 )(ln + r + 1) 2 (1 + r 2N+2 ) 4 dr C " 4 jbj 2 jbj 2 ; (3.34) where the mean value theorem was used in the second inequality, and (3.31) was used in the last inequality. Next, we estimate I 5 and I 6 , using (3.1)- (1 + r 2N+2 ) 8 We are now equipped with all the necessary facts to apply Theorem 2.1 to prove our main theorem. Proof of the Main Theorem. We apply Theorem 2.1 to our functional equation (2.12 where C is independent of ". We now verify the decay estimate (11) for u recovered from formula (2.13), thus showing that our solution u is really nontopological. From the explicit formula given in (2.1) we know that ln ";a " (x) = ?(2N + 4) ln jxj + o(ln jxj) as jxj ! 1 : (4)- (5) satisfying (7) . We now show that our solution ( ; A) is of nite energy, and satis es the decay estimates (11 where (4.2) was used in the last inequality. We thus proved (4.19). The proof of the theorem is complete. (1 + r 2N+2 ) 4 ; which can be veri ed by an elementary computation. We prove our lemma for ' + only. The case for ' ? is similar. Using the above identity, we have the following 
